By using an operator description we derive the spectrum of a symmetric two-mirror resonator in the presence of spherical aberration.
INTRODUCTION
The spectrum of a resonator can be obtained by using an operator description. 1 It is then necessary that the optical elements in the lens guide of the unfolded resonator be Gaussian. The surface of a mirror in the resonator is then described by a parabola. As a result of the production process the surface of the mirror is usually not parabolic, and there are aberrations. As a consequence, the spectrum of a resonator with aberrated mirrors does not have the full degeneracy that is expected with aberration-free mirrors. 2 The lifting of the degeneracy due to astigmatism is simple to derive, since the astigmatic aberration is Gaussian as well. On the other hand, the spherical aberration does not have a Gaussian nature, and therefore it would appear that the operator method cannot be used to derive the spectrum in the presence of spherical aberration. In this paper we show that the spherical aberration can still be treated with the operator description by using degenerate perturbation theory as it is used in quantum mechanics. 3 In Section 2 we introduce the operator description of a light field inside a lens guide. The propagation through free space and the passage through a lens is described by a Gaussian operator acting on the state of the light beam. In Section 3 we discuss the ABCD-matrix representation of these Gaussian operators. When a Gaussian beam propagates through a lens guide, its spot size, radius of curvature of the wavefronts, and Gouy phase change. As discussed in Section 4, the Iwasawa decomposition expresses this behavior in an elegant operator form, with parameters expressed in terms of the matrix elements of the ABCD matrix of the lens guide. The Iwasawa decomposition is used in Section 5 to derive the Hamiltonian for half a round trip in an aberration-free two-mirror resonator, which determines the spectrum. In Section 6 spherical aberration is introduced. By using degenerate perturbation theory, we obtain the spectrum of the resonator in the presence of spherical aberration.
The standard theory of aberrations of optical systems considers its effect on the imaging properties, 4 ,5 but does not typically consider resonators. Laabs and Friberg studied the effect of nonparaxial propagation on the spectrum and eigenmodes of a resonator numerically. 6 The change of the spectrum of a resonator due to aberrations was studied experimentally by Klaassen et al. 
OPERATOR DESCRIPTION FOR GAUSSIAN WAVE OPTICS
The electric field of a monochromatic light beam with frequency that propagates in the positive z direction is taken as Re͓⑀E͑x , y , z , t͔͒, where x and y are the transverse coordinates. In this expression ⑀ is the normalized polarization vector, and E the complex electric field, which is related to the normalized beam profile u͑x , y , z͒ by E͑x,y,z,t͒ = E 0 u͑x,y,z͒exp͑ikz − it͒, ͑1͒
with E 0 the complex amplitude of the field. The polarization will be assumed uniform throughout this paper, and polarization effects are not considered. Equation (1) is inserted into the scalar wave equation, and it is assumed that ͉‫ץ‬u / ‫ץ‬z͉ Ӷ ku, which means that the profile u͑x , y , z͒ varies only slowly with z. Then the profile u͑x , y , z͒ satisfies the paraxial wave equation
The paraxial wave equation is identical in form to the Schrödinger equation for a free particle in two dimensions, where time plays the role of the longitudinal coordinate z. This similarity is the starting point for an operator description of the propagation of a monochromatic light beam inside a lens guide. [9] [10] [11] To simplify the notation we first consider only one transverse dimension. The transverse profile u͑x , z͒ = ͗x ͉ u͑z͒͘ of the light beam corresponds to the timedependent wave function in quantum mechanics, and ͉u͑z͒͘ is the "state" of the light beam in the transverse plane z. The propagation through vacuum is described by
In the coordinate representation the transversemomentum operator p x takes the form −i‫ץ‬ / ‫ץ‬x. When pass-ing through a lens, the transverse profile of the light beam acquires a phase shift that depends on the optical thickness of the lens, which varies over the lens. For a lens without aberrations the phase shift depends quadratically on the transverse coordinate. It is assumed that the lens is thin, so that the transverse beam profile is constant inside the lens. Then the effect of the lens is described by multiplying the transverse beam profile by a parabolic phase factor. We consider only cases where the optical axes of the lenses coincide with the z axis, and where the lenses are nonastigmatic. When the lens is located in the transverse plane z, the state of the light beam ͉u͑z + ͒͘ after the lens is expressed in terms of the state ͉u͑z − ͒͘ before the lens, by
where f is the focal distance of the lens. Now the change of the state of the light beam when going from the input plane to the output plane of a lens guide is described by the unitary operator Û , which is a repeated product of Û f and Û l in the proper order, according to the arrangement of the lenses in the lens guide. The operators Û f and Û l are Gaussian operators, that is, exponential functions quadratic in x and p x . An operator that is quadratic in x and p x can be written as a linear combination of the Hermitian operators T m , which are defined by
where ␥ is a free scaling parameter. 12 The commutators between the quadratic operators T m are again quadratic, which follows from the commutation rule ͓x , p x ͔ = i. Therefore, the operators T m are closed under taking the commutator. They satisfy commutation rules that are similar to the commutation rules for the components of the angular momentum operator, the difference being that one sign is different. 13 We have
͑6͒
Since the unitary operator Û is a product of Gaussian operators, it can in general be written as
where the real coefficients ␤ m are determined by the order of the Gaussian operators and their parameters.
MATRIX REPRESENTATION AND RAY OPTICS
In order to obtain the coefficients ␤ m in Eq. (7), it is necessary to write the evolution operator Û of the lens guide, which is a product of Gaussian operators, as a single exponential operator. It is then convenient to make use of a matrix representation of the Gaussian operators. For free-space propagation over distance z we have
͑8͒
while for passage through a lens we have
͑9͒
which follows from the commutation rule ͓x , p x ͔ = i. We see that M f ͑z͒ and M l ͑f͒ are simply the ABCD matrices for free-space propagation and passage through a lens, respectively, describing the change in position and slope of a ray. Note that the existence of this matrix representation relies on the fact that the operators are Gaussian, that is, exponential functions quadratic in x and p x . As a consequence, linear combinations of x and p x remain linear combinations, and the transformation can be described by multiplication of the vector with the components x and p x / k by a matrix. It follows that the evolution operator Û of the lens guide is represented by the ABCD matrix of the lens guide M, which is a repeated product in the right order of the ABCD matrices for free space propagation and lenses. This leads to the general result for a lens guide
͑10͒
An explicit form of the ABCD matrix M corresponding to the operator of Eq. (7) is also obtained from the matrix representation of the operators T m in Eq. (5). We introduce the matrices J m , so that
For a Gaussian beam with waist ␥, the length b is the Rayleigh range. The matrices J m satisfy the same commutation rules as the operators T m , for which the commutation rules are given in Eq. (6) . Thus the operators T m are represented by the corresponding matrices in Eq. (12) . By replacing the operator Û by the ABCD matrix M of the lens guide, and the T m operators by the corresponding J m matrices, Eq. (7) gives the matrix equality
͑13͒
This equality relates the coefficients ␤ m to the matrix elements of the ABCD matrix of the lens guide M. In general it is difficult to evaluate the matrix on the right-hand side of Eq. (13), since it is an exponential function of a matrix. For some matrices, though, it is simple to obtain the exponential function of the matrix, as is used in the Iwasawa decomposition.
IWASAWA DECOMPOSITION
It is well-known that when a Gaussian beam propagates through a lens guide, the spot size and the curvature of the wavefronts of the Gaussian beam change, and the beam picks up a phase factor, the Gouy phase. This behavior is described in an elegant way by an operator identity: the Iwasawa decomposition. 12 The Iwasawa decomposition expresses the unitary operator Û of the lens guide as a product of three unitary operators, in the form
The operators T m are given in Eq. (5), and the parameters , , and ␣ are to be determined.
For an arbitrary lens guide, the parameters , , and ␣ in the Iwasawa decomposition (14) are obtained by using the matrix representation of the unitary operators appearing in the decomposition. The unitary operator Û of the lens guide corresponds to the ABCD matrix of the lens guide M. This matrix is also obtained when the operators T m on the right-hand side of Eq. (14) are replaced by their corresponding matrices J m given in Eq. (12) . We find that
͑15͒
This matrix equality gives rise to relations between the parameters , , and ␣, and the elements of the ABCD matrix of the lens guide. The exponential functions of the matrices on the right-hand side can be simply evaluated. Expressing the parameters , , and ␣ in terms of the elements of the ABCD matrix gives the explicit expressions
.
͑16͒
Since det M = AD − BC = 1, the matrix elements A and B cannot both vanish. Therefore, the numerators in these expressions are always nonzero, and the parameters are well defined.
As a check of consistency we consider the Iwasawa decomposition for the unitary operator that describes the passage through a lens in Eq. (4). In the ABCD matrix in Eqs. (9) we have A = D =1, B = 0, and C =−1/f. Using Eqs. (16) we find that = = 0 and ␣ = b / f. Inserting these values in Eq. (14) , and using Eqs. (5), we find agreement with Eqs. (4) .
The Iwasawa decomposition for free-space propagation over a distance z is obtained by inserting the values A = D =1, B = z and C = 0, as given by Eqs. (8) . We find that
͑17͒
When the Iwasawa decomposition of Û is applied to the state of a Gaussian beam at the waist, where b is the Rayleigh range, there is a clear physical interpretation of these parameters. The last unitary operator on the righthand side of Eq. (14) contains the operator T 3 , which has the shape of the harmonic oscillator Hamiltonian, where the free parameter ␥ determines the scale of the oscillator. This term operates on the harmonic oscillator ground state and is responsible for the Gouy phase ͑z͒ / 2 of the beam. The unitary operator containing T 1 is a squeezing operator, which follows from the property
It describes the spot size of the beam, which is given by ␥ exp͓͑z͒ /2͔. The first unitary operator on the right-hand side of Eq. (14), which can be written as exp͑−i␣x 2 /2␥ 2 ͒, is responsible for the curvature of the wavefronts of the light beam, and the radius of curvature is −b / ␣͑z͒.
A method for checking the Iwasawa decomposition for free-space propagation, different from a matrix representation, is a brute-force method for combining exponential operators. 14 
SPECTRUM OF A RESONATOR WITHOUT ABERRATIONS A. Lens Guide
We determine the spectrum of a symmetric two-mirror resonator, as depicted in Fig. 1(a) , by using an operator method. The radius of curvature of the spherical mirrors is R and the distance between the mirrors is L. When a light beam is reflected by a mirror, the transverse profile acquires a phase shift that depends on the transverse co- ordinate, which is due to the curvature of the mirror. For a concave spherical mirror with radius of curvature R located in the plane z 1 , the mirror surface is described by
The optical path length for reflection by the mirror is then given by
where the on-axis optical path length is set to vanish. When the size of the beam is small compared with the radius of curvature of the mirror, it is justifiable to make a Taylor expansion of d͑x , y͒ in x 2 + y 2 and retaining only the lowest-order term −k͑x 2 + y 2 ͒ / R, which approximates the spherical surface of the mirror by a parabola. The unitary operator for the reflection by a mirror is then given by the unitary operator for a lens in Eq. (4), with a focal distance f = R /2.
The resonator is unfolded into a lens guide, where the plane in the middle of the resonator is the input plane of the lens guide. The mirrors with radius of curvature R are replaced by lenses with focal distance f = R / 2. The lens guide is depicted in Fig. 1(b) . Because the resonator is symmetric, the lens guide consists of two identical parts, both corresponding to half a round trip in the resonator. The unitary operator Û that describes the evolution of a light beam inside the resonator during half a round trip is expressed in terms of the unitary operators for free-space propagation and passage through a lens in Eqs. (3) and (4), respectively, by
B. Hamiltonian for Half a Round Trip
In order to determine the eigenmodes and spectrum of the resonator, the exponential operators in the expression for Û in Eq. (20) are combined into a single exponential operator, for which we write
where Ĥ is a Hermitian operator, which can be interpreted as the Hamiltonian for half a round trip in the resonator. The eigenfunctions of Ĥ are then the eigenmodes of the resonator and the corresponding eigenvalues determine the spectrum of the resonator. The operator Ĥ is obtained by using the Iwasawa decomposition for Û , which is found by calculating the ABCD matrix M for half a round trip. The parameters , , and ␣ of the Iwasawa decomposition in Eq. (14) are related to the elements of M by Eqs. (16) . For the symmetric two-mirror resonator in Fig. 1(a) the waist of the Gaussian eigenmode lies in general in the plane in the middle of the resonator, which corresponds both to the input and output plane of the lens guide for half a round trip. Then the unitary operator Û describes the propagation of the beam over half a round trip from waist to waist. At the waist of the beam the wavefronts are flat. Therefore, the wavefronts must be flat again after half a round trip, so that the parameter ␣ in the Iwasawa decomposition (14) , which determines the curvature of the wavefronts, must vanish. This requirement is satisfied when the parameter b = k␥ 2 in Eqs. (16), which is the Rayleigh range of the Gaussian beam, satisfies
which fixes the spot size ␥ of the Gaussian beam at the waist. In Eq. (22) 
͑23͒
where we used that det M = AD − BC = 1. The ABCD matrix for half a round trip is given by
where g =1−L / R is the g parameter of the resonator. This means that the waists of the beams propagating to the right and the left inside the resonator do not coincide. 15 For g = ± 1 there is no positive value of b for which ␣ =0.
By using Eqs. (22) and (24) it follows that the Rayleigh range of the Gaussian eigenmode is given by
which is in agreement with the result by Siegman. 2 By using Eqs. (23) we find that for the parameters of the Iwasawa decomposition we have = ␣ = 0 and cos͑ /2͒ = g. It follows that, by using the Iwasawa decomposition (14) , the unitary operator Û can be written as a single exponential operator, which is written as in Eq. (21). Taking into account both transverse dimensions again, the Hamiltonian for half a round trip Ĥ is given by
which is the Hamiltonian of the two-dimensional, isotropic quantum harmonic oscillator. When applied to the state of the Gaussian beam with Rayleigh range b at the waist, the only effect of Û is a phase factor, which is the Gouy phase for half a round trip.
C. Spectrum and Degeneracy
When considering the quantum harmonic oscillator, it is customary to introduce the ladder operators
which satisfy the boson commutation rules. In terms of these ladder operators Eq. (26) is given by
where n x = â x † â x and n y = â y † â y . The eigenstates of Ĥ are the Hermite-Gaussian (HG) states ͉u nm ͘. We have
In order for a light beam to be an eigenmode of a resonator it is necessary that the electric field [Eq. (1)] of the light beam transform into Ϯ itself after half a round trip. Besides the Gouy phase, the electric field acquires a phase kL after half a round trip due to the plane-wave part of the field. These phases must add up to a multiple of , which defines the resonance condition
where n and m are the mode numbers of the HG eigenmodes, and q is the longitudinal mode number. From this resonance condition the spectrum of allowed frequencies = ck of the light beam follows. 2 The z component of the angular momentum operator, defined by
commutes with Ĥ . It follows that there is a basis of eigenstates of Ĥ , in which l z is diagonal as well. This basis is generated by the circular ladder operators
In terms of these circular ladder operators
where n + = â + † â + and n − = â − † â − . Eigenstates of both Ĥ and l z are the Laguerre-Gaussian (LG) states ͉u n + n − ͘, where n + and n − are the mode numbers. The more familiar mode numbers l and p are expressed in terms of n + and n − by l = n + − n − and p =min͑n + , n − ͒. 16 In terms of the mode numbers of the LG eigenstates the spectrum is given by Eq. (30), where n + m is replaced by n + + n − . The HG states with different mode numbers with a fixed sum n + m = N are degenerate. These modes form an N + 1-dimensional degenerate subspace. This space is also spanned by the LG states with n + + n − = N, or eigenbases intermediate between the HG and LG bases. 17 
SPECTRUM IN THE PRESENCE OF ABERRATIONS A. Spherical Aberration
We determine the spectrum of the resonator in Fig. 1 in the presence of spherical aberration by using perturbation theory as it is known in quantum mechanics. In the expression for the optical path length in Eq. (19) the surface of the mirror was approximated by a parabola. We take into account the next term in the expansion. We write
In terms of the g parameter of the resonator and the spot size ␥ of the Gaussian eigenmode of the resonator in Eq.
(25), this is written as
where ⑀ =1/kR is a small number for optical wavelengths and typical mirror radii. Neglecting terms of order ⑀ 2 is permitted as long as
By using that Û l 2 ͑R͒ = Û l ͑R /2͒, the unitary operator for a mirror with radius of curvature R with aberrations can in general be written in a symmetric form as
where V͑x , y͒ describes the aberrations of the mirror, which in our case is spherical aberration, for which from Eq. (35) we have
͑37͒
In this way the mirror with aberrations is represented in the lens guide by two lenses with focal distance R, between which there is a phase plate that introduces a small phase ⑀V͑x , y͒, all of which lie in the plane of the mirror. In Fig. 2 the lens guide for half a round trip is given for the case of a mirror with aberrations. For the unitary operator for half a round trip we write
where Fig. 2 . In the case that the mirror with radius of curvature R has aberrations, it is represented in the lens guide by two lenses with focal distance R between which there is a phase plate that introduces the aberrations ⑀V͑x , y͒ of the mirror. Both lenses and the phase plate lie in the plane of the mirror.
B. Perturbation Hamiltonian due to Aberrations
In order to determine the spectrum in the presence of aberrations, we write the expression for the unitary operator for half a round trip in Eq. (38) in terms of a single exponential operator. For the unitary operator Û f ͑L /2͒ that appears in the expression for Û 1 in Eq. (39), we use the Iwasawa decomposition for free-space propagation in Eq. (17) with z = L / 2, where ␥ is determined by Eq. (25). Then the term in the Iwasawa decomposition that introduces the curvature of the wavefronts exactly cancels the lens term Û l ͑R͒, since the mirror surface matches the wavefronts when the Rayleigh range satisfies Eq. (25). We have
For Û 2 we use that Û f ͑z͒ = Û f † ͑−z͒, so that the exponential operators in the Iwasawa decomposition (14) are reversed in order. We use that ͑z͒ and ␣͑z͒ are odd, and ͑z͒ is even in z, which follows from Eq. (17). Then we find that, as for Û 1 , the term that introduces the curvature of the wavefronts cancels the lens term Û l ͑R͒, and that
When the expressions for Û 1 and Û 2 in Eqs. (40) and (41), respectively, are inserted in the expression for Û in Eq.
(38) we see that the exponential operator that contains the aberration is sandwiched between the squeeze operators that introduce the scaling of the beam in the Iwasawa decomposition. It follows from Eqs. (18) and (25) that
All the results above hold also for the y transverse coordinate. Taking into account both transverse dimensions again, we conclude that the unitary operator for half a round trip in the presence of aberrations in Eq. (38) can be written as
with Ĥ given by Eq. (26), and
͑44͒
We see that in the absence of aberrations, in which case ⑀ = 0, Eq. (21) We find that
with
where the dots refer to terms consisting of nested commutators of Ĥ with V , with V appearing only once. We see that the aberrations of the mirror introduce the perturbation term ⌬Ĥ to the unperturbed Hamiltonian Ĥ .
C. Spectrum in the Presence of Spherical Aberration
The perturbation ⌬Ĥ to the unperturbed Hamiltonian Ĥ can be treated by degenerate quantum-mechanical perturbation theory. The perturbation matrix is obtained by determining the matrix elements of ⌬Ĥ between the degenerate eigenstates of Ĥ . In the matrix elements, all the commutators of Ĥ with V in Eq. (47) vanish, because the operator Ĥ can be replaced by its eigenvalue, since it operates immediately on an eigenstate. Notice that it is essential for this argument that V appear only once in all these nested commutators. In the terms of order ⑀ 2 the operator V appears twice and can prevent Ĥ from operating on an eigenstate immediately. It is convenient to use a basis for the degenerate space in which the perturbation Hamiltonian is as diagonal as possible within the degenerate subspace. We know that a spherical mirror has cylindrical symmetry about the optical axis. Therefore it is convenient to use as a basis the eigenbasis of the angular momentum operator l z in Eq. (31), which commutes with V in Eq. (44), and also with all the other corrections to the parabolic approximation to the spherical surface of the mirror. The eigenbasis of l z consists of the LG eigenstates ͉u n + n − ͘. In terms of the circular ladder operators, defined in Eq. (32), we have
In this expression we see that the terms on the right-hand side that change n + and n − do not conserve the sum n + + n − . For V , which is proportional to the square of Eq. (48), the same holds. Therefore, in the basis of the LG eigenstates of the resonator the perturbation matrix of the operator V is diagonal. The diagonal elements are given by
When the g parameter of the resonator approaches −1, the diagonal elements ⌬H͑n + , n − ͒ become large. The case g = −1 corresponds to a concentric resonator configuration, and when this configuration is approached, the Gaussian eigenmode tends to fill the mirror and "feel" a lot of the spherical aberration, giving rise to a large ⌬H͑n + , n − ͒. When g = −1 is approached, the spot size at the waist of the Gaussian eigenmode vanishes, as follows from Eq. (25), and the propagation is not paraxial anymore. Laabs and Friberg studied the effect of nonparaxial propagation on the spectra and eigenmodes of stable resonators close to the concentric configuration. 6 When approaching g =1͑R → ϱ͒, ⌬H͑n + , n − ͒ vanishes, since g = 1 corresponds to a plano-plano configuration, which has no spherical aberration.
The spectrum of the resonator with spherical aberration is then determined by the resonance condition
where ⑀ =1/kR is a small number. The LG eigenstates for which n + + n − = N are degenerate in the absence of aberrations. Since ⌬H͑n + , n − ͒ is not a function of n + + n − it follows that the degeneracy is lifted partially. Only a twofold degeneracy remains between states with n + and n − interchanged. A reflection in a plane that contains the optical axis leaves the aberration function V͑x , y͒ in Eq. (37) invariant, and interchanges n + and n − . Due to the aberration, for even N, the manifolds of N + 1 degenerate states split into N / 2 two-fold degenerate states and a single nondegenerate eigenstate with mode numbers n + = n − = N / 2. For odd N, there are ͑N +1͒ / 2 twofold degenerate states. The mirror surface is invariant under the reflection in a plane containing the optical axis, and therefore the remaining twofold degeneracy is not lifted when higher-order terms in the expression for d͑x , y͒ in Eq. (34) are taken into account. The degeneracy is completely lifted only when the reflection symmetry is broken, which occurs for astigmatic aberration.
As discussed following Eq. (35), the higher-order corrections to the spectrum can be neglected when x 2 + y 2 Ӷ R 2 . This means that the spot size of the mode on the mirror must be much smaller than the radius of the mirror. It follows from Eq. (48) that for the LG modes with mode numbers n + and n − the expectation value of x 2 + ŷ 2 on the mirror is 2␥ 2 ͑n + + n − +1͒ / ͑1+g͒, where it is used that ␥ ͱ 2/͑1+g͒ is the spot size of the Gaussian eigenmode on the mirror, which is expressed by Eq. (42). The requirement x 2 + y 2 Ӷ R 2 is then satisfied when ͱ 1 − g 1 + g ͑n + + n − + 1͒ Ӷ kR. ͑51͒
Thus the higher-order corrections to the spectrum cannot be neglected only for very large mode numbers and when the concentric resonator configuration ͑g =−1͒, as discussed following Eq. (49), is approached.
CONCLUSIONS
We used an operator description to obtain the spectrum and the modes of a symmetric two-mirror resonator. First we considered the case where the mirrors have no aberrations. The Hamiltonian for half a round trip was shown to have the form of the two-dimensional quantum harmonic oscillator. We obtained the spectrum of the resonator from the eigenvalues of the Hamiltonian. The HG eigenfunctions of the Hamiltonian are the eigenmodes of the resonator. The HG modes with mode numbers with a fixed sum n + m = N are degenerate. An alternative basis for this degenerate subspace is formed by the LG modes having mode numbers n + + n − = N. The spherical aberration of the mirrors gives rise to a perturbation term in the Hamiltonian for half a round trip. By using degenerate perturbation theory we obtained the first-order correction to the unperturbed eigenvalues due to the spherical aberration. The spectrum in the presence of spherical aberration is given by Eq. (50). The N + 1-fold degeneracy is almost completely lifted. There is only a twofold degeneracy left of LG modes, which have mode numbers n + and n − that are interchanged. This operation corresponds to the reflection in a plane through the optical axis of the resonator. When this reflection symmetry is broken, which occurs for astigmatic aberration, the degeneracy is completely lifted. The higher-order corrections to the spectrum can be neglected when the requirement of relation (51) is satisfied.
